Recently there have been suggestions that the Type Ia supernova data can be explained using only general relativity and cold dark matter with no dark energy. In "Swiss cheese" models of the Universe, the standard Friedmann-Robertson-Walker picture is modified by the introduction of mass-compensating spherical inhomogeneities, typically described by the Lemaître-Tolman-Bondi metric. If these inhomogeneities correspond to underdense cores surrounded by mass-compensating overdense shells, then they can modify the luminosity distance-redshift relation in a way that can mimic accelerated expansion. It has been argued that this effect could be large enough to explain the supernova data without introducing dark energy or modified gravity. We show that the large apparent acceleration seen in some models can be explained in terms of standard weak field gravitational lensing together with insufficient randomization of void locations. The underdense regions focus the light less than the homogeneous background, thus dimming supernovae in a way that can mimic the effects of acceleration. With insufficient randomization of the spatial location of the voids and of the lines of sight, coherent defocusing can lead to anomalously large demagnification effects. We show that a proper randomization of the voids and lines of sight reduces the effect to the point that it can no longer explain the supernova data.
I. INTRODUCTION
Supernova cosmology [1, 2] has taught us that the Universe is not well described by a homogeneous and flat matter dominated model, with gravity governed by general relativity. Type Ia supernovae at a given redshift appear dimmer than expected based on this simple model. Many additions to the model have been developed to explain this discrepancy, including dark energy and modifications of general relativity on cosmological length scales. Another suggestion is that the discrepancy results from large scale cosmological inhomogeneities, and arises from an unjustified fitting of supernova data to homogeneous models. It is well known that inhomogeneity in the cosmological matter distribution affects the redshifts and apparent magnitudes of supernovae [3, 4, 5, 6] , but could such effects be large enough to trick us into thinking that the Universe is accelerating when it is actually not? This issue has been vigorously debated in the literature; see Ref. [7] for a review.
One way to address the inhomogeneity issue in a fully nonlinear and relativistic fashion is with so-called "Swiss cheese" models [8, 9, 10, 11] . In these models, the homogeneous Friedmann-Robertson-Walker (FRW) metric is modified by the introduction of spherical regions of the spherically symmetric Lemaître-TolmanBondi (LTB) dust spacetime. In this paper we will restrict attention to such models where the FRW background is flat and matter dominated. The spherical inhomogeneities must be mass compensating and comoving in order to obtain a self consistent solution with the LTB and FRW regions evolving independently. The LTB regions can be of any size and can be located anywhere, so long as they do not overlap. However, for a realistic model of the Universe, the sphere locations should be randomized, i.e. they should not placed on a lattice of any sort. In this paper, we show that the randomization issue is important and can have a dramatic effect on the model's predictions.
Marra, Kolb, and Matarrese (hereafter MKM) [12, 13, 14] use a Swiss cheese model where the LTB spheres correspond to underdense voids surrounded by overdense shells of matter. They place these spheres on a regular lattice, and compute numerically the luminosity distanceredshift relation along a line passing through the spheres' centers. They show that the relation is modified enough to mimic a significant dark energy density.
We show that the results of MKM can be explained to ∼ 10% accuracy with the formalism of standard weak field gravitational lensing. The special line of sight that they consider leads to a large dimming because this is the line of sight with the lowest mean density, corresponding to less focusing. We also show that if the void locations and lines of sight are properly randomized, then the mean effect is very small, in accordance with previous lensing studies [8, 15, 16, 17] . Using a Monte Carlo simulation, we compute the statistical distribution of distance modulus shifts at fixed redshift in the more realistic randomized scenario.
This paper is organized as follows. Section II reviews Swiss cheese models, focusing on the specific model constructed by MKM. Section III shows that the apparent acceleration found by MKM is predominantly the result of gravitational lensing and of insufficient randomization of the void locations. In Sec. IV, we show that randomizing the void locations reduces the effect significantly, to the point that this model cannot explain the apparent acceleration seen in the supernova data. In Sec. V, we provide our concluding remarks.
II. SWISS CHEESE MODELS
The MKM model consists of a flat, matter dominated FRW background with metric
and density ρ FRW (t) ∝ 1/a 3 . From this FRW background, spheres of constant comoving radius R are removed and replaced with spherically symmetric LTB dust solutions. For simplicity we describe this construction for a sphere centered at the origin, and for r ≤ R. The LTB metric in r ≤ R is [18] 
where E(r) is the so-called energy function, primes denote partial derivatives with respect to r and overdots denote partial derivatives with respect to t. For the case E(r) > 0 considered by MKM, the angular diameter distance Y (r, t) is given parametrically by 4) where the mass function M (r) and the bang time function t b (r), as well as the energy function E(r), are freely specifiable functions. Following MKM, we use units with 6πG = 1. The density of the dust is given by
There are three conditions necessary for a consistent matching of the LTB region with the surrounding flat FRW spacetime, satisfying the Israel [19] junction conditions [20] . The first is that the energy function goes to zero at the boundary
The second is that the bang time function goes to zero at the boundary (assuming that the big bang occurs at t = 0 in the FRW background)
The third is that the LTB region be mass compensating, meaning that the enclosed mass has to equal the mass originally excised from the FRW background. This requirement is that
where the constant ρ FRW,0 is defined by ρ FRW (t) = ρ FRW,0 /a(t) 3 . We also choose the scale factor a(t) to equal 1 today.
In addition to satisfying the Israel junction conditions, it is convenient to specialize to models for which the coordinates (t, r) match up in a C 1 manner across the boundary r = R. This guarantees that the basis vectors ∂/∂t and ∂/∂r will be continuous across r = R, and justifies our use of the same notation (t, r) for the coordinates outside and inside the sphere. It can be shown that the necessary and sufficient conditions for this continuity are
MKM specialize to a subclass of LTB models defined by imposing, at some initial time t = t i , the two conditions
(2.10)
These conditions fix two of the three functional degrees of freedom of the LTB model, one of which is gauge. MKM parameterize the remaining, nongauge, functional degree of freedom in terms of the density profile at the initial time ρ 0 (r) = ρ(r, t i ). The mass inside radius r is given in terms of this density profile by
It is convenient to parameterize this as
where
is the mass enclosed that would apply in the FRW background, and δ(r) is the fractional mass excess. The energy function E(r) and bang time function t b (r) can be written in terms of the fractional mass excess as
and
15) The last formula is valid only for δ < 0, the case considered by MKM. From the results (2.11), (2.12), and (2.15), it follows that all of the matching and continuity conditions (2.6) -(2.9) will be satisfied if we choose the fractional mass excess δ(r) to satisfy
The first of these conditions is the mass compensation condition, while the second is a requirement that the density be continuous across r = R.
In the next section, we will we make the approximation of using the relativistic LTB density profile ρ(r, t) as an input to the standard weak field lensing formalism. To summarize the discussion above, the procedure for computing the density ρ(r, t) from a specified initial density profile ρ 0 (r) is as follows. (i) Compute the mass enclosed M (r) using Eq. (2.11) and the fractional mass excess δ(r) using Eqs. (2.12) and (2.13). (ii) Use the fractional mass excess to compute the energy function (2.14) and bang time function (2.15). (iii) Then compute the angular diameter distance Y (r, t) from Eqs. (2.3) -(2.4), and finally insert this into the expression (2.5) for the density ρ(r, t).
For the initial density profile for the LTB patches, MKM choose the Gaussian profile
with constants A ≈ 2, B ≈ 4 × 10 −4 Mpc −2 , r 0 ≈ 308 Mpc, and C ≈ 5 × 10 −5 . This is the density at the initial time t i = 0.2, where units are chosen such that the big bang occurred at t = 0 and today is at t = 1, implying that the scale factor is a(t) = t 2/3 . Here, r is in Mpc and the present-day radius of an LTB patch is R = 350 Mpc. We will use an initial density profile that is very similar to that of MKM for all of our analyses below, except that we slightly modify these constants to accurately enforce mass conservation, while setting C = 0 for simplicity. Such small changes affect our results only negligibly. We plot the resulting density contrast ∆(r, t) = [ρ(r, t) − ρ FRW (t)]/ρ FRW (t) in Fig. 1 for t = 0.2, 0.6, and 1.
III. THE RESULTS OF MARRA, KOLB, AND MATARRESE
In the MKM model, the void regions are placed on a regular cubic lattice wherein the voids are just touching. The chosen line of sight is through the center of a sequence of voids; see Fig. 2 of Ref. [13] for a sketch of their setup. The void size is such that the distance through 5 voids corresponds to z ≈ 1.8. After numerically integrating the fully relativistic equations for light rays, MKM display results for the change in the redshift and distance modulus, both as a function of source redshift, in Figs. 4 and 5 of [13] . They find that there is a negligible effect on the redshift and there is a significant effect on the distance modulus, with supernovae systematically becoming demagnified. This demagnification increases with the number of void crossings. The effect is large enough that supernovae that are 5 voids away suffer a distance modulus shift of about 0.34 mag, and this suffices to move them to the Hubble diagram of a Ω M = 0.6, Ω Λ = 0.4 universe.
We now argue that this result is predominantly due to gravitational lensing. Although the inhomogeneities are mass compensating, light beams passing through the spheres' centers encounter less mass than beams that intersect the spheres with larger impact parameters. Therefore, centered beams are focused less than they would be in the FRW background.
In weak lensing theory, the net magnification µ produced by a density perturbation ∆ρ(x, η) is µ = (1 − κ) −2 . Note that we are neglecting shear, which gives a contribution to µ of the same order as the κ 2 corrections. The lensing convergence κ is given by the integral along the line of sight [21] 
(3.1) Here the integral is with respect to conformal time η and is along the unperturbed ray x(η), and η S and η O are the values of conformal time at the source and at the observer. Rewriting this integral in terms of the comoving distance x = η O − η, expressing it in terms of the density contrast ∆(x, η) = ∆ρ/ρ FRW , and eliminating ρ FRW using the Friedmann equation gives
where x S = η S − η O . Next, since the individual spheres are small compared with the horizon scale, we can treat the first factor in the integrand as constant across each sphere, and we can also neglect the time dependence of ∆ within each sphere to leading order. This gives
with
where x j is the value of x at the point of closest approach of the ray to the center of sphere j, and η j = η 0 − x j is the conformal time at that point of closest approach. The interval S j is the intersection of the ray with the jth sphere, given by |x − x j | ≤ R 2 − b 2 j , where b j is an impact parameter. Rewriting the integral (3.4) in terms of the comoving radial coordinater = b 2 j + (x − x j ) 2 gives
To evaluate this integral, we use the relationr = Y (r, t j )/a(t j ) between the comoving radial coordinater and the LTB radial coordinate r, where t j = t(η j ). Finally the distance modulus shift ∆m is related to the lensing convergence κ by ∆m = 5 log 10 (1 − κ) .
We have computed the distance modulus shifts ∆m using Eqs. (3.3) and (3.6) for the model of MKM, with our aforementioned slight modifications. We also use H 0 = 70 km/s/Mpc. These results are summarized in Table I . Comparing with Fig. 5 of Ref. [13] , we see that our weak field results reproduce their fully relativistic results to ∼ 10% accuracy. This is consistent with what one would expect given the approximations that we have made, since RH 0 ∼ 0.1 for R = 350 Mpc and H 0 = 70 km/s/Mpc. We conclude that gravitational lensing produced by the coherent arrangement of voids provides a simple physical explanation for the phenomenon seen in their analysis. We can get a good estimate the coherent MKM effect by using the Dyer and Roeder [22, 23] formalism. This is based the work of Zel'dovich [24] , wherein he considered cosmological observations in a flat matter dominated universe where there was no matter inside any observed light beams, and hence no gravitational focusing. Ignoring the effects of shear, the observed flux from a source at redshift z in such a model is F empty , where
with F f illed being the flux for a filled beam. Thus, high redshift sources would be dimmed. The corresponding magnitude shift is ∆m empty = 5 log 10
and for a model in which we observe through a complex of voids, this must be an upper bound to the magnitude shifts possible. For z = 1.8, we find ∆m empty = 0.546. In the absence of shear, no arrangement of matter along the line of sight can produce a magnitude shift larger than this. Dyer and Roeder generalized this analysis to partially filled beams. They found ∆m α = 5 log 10
(1 + z)
9) where β = √ 25 − 24α and α is the filling factor of the beam: α = 1 corresponds to a flat dark matter dominated model and α = 0 corresponds to empty beams.
The limiting case is α = 0 for empty beams, but what is the limiting case for passage through a mass compensated void? Consider an extreme example in which the void has all of its mass concentrated in a shell at its boundary. Then if the mass is M and the radius is R, the integrated column density through the sphere is M/2πR 2 = 2 3 ρR, i.e. this is zero except for the shell, which is pierced twice. This is 1/3 of the value for a smooth sphere, and hence for this model α = 1/3 would be appropriate. Using this value we get β = √ 17 and
(3.10) For z = 1.8, this gives ∆m 1/3 = 0.369. This just slightly overestimates the MKM result of ∆m ≈ 0.34.
IV. VOID RANDOMIZATION
As we have argued, the coherent arrangement of the voids on a lattice in the model of MKM artificially boosts the demagnification effect. In this section, we show that the net effect of the voids is small if the void locations relative to the line of sight are sufficiently randomized.
As is well known, the mean magnification due to gravitational lensing should be negligible on average in models such as ours with small, mass-compensating inhomogenities that are randomly distributed [8, 15, 17] . We can understand this result in a different way with a simple argument. First, consider a spherically-symmetric matter distribution with a total radius R, a total mass M , and a radius-dependent density ρ(r). Let us further assume that a small beam comes in from the z direction and then encounters the sphere with an impact parameter b, which will then be in the x − y plane. The magnification of the beam is proportional to the integrated column density along the beam's unperturbed path, which is defined to be
where the path depends on b, and λ is the affine parameter of a central ray. Since we are using the unperturbed path for this, it is clear that we do the above integral along a straight line, parallel to the z axis. Then the total mass of the spherical distribution comes from integrating Σ over the remaining two spatial axes, the x and the y:
The average focusing resulting from a spherical mass distribution is proportional to the average over impact parameters of the integrated column density,
which only depends on total mass and size of the spherical region, and not on how the mass is distributed. Thus, we see that removing a sphere of FRW spacetime and replacing it with a mass-compensating LTB patch, as we did in the model discussed above, will not affect the magnification on average. This is true within the domain of validity of weak lensing theory. The distance modulus shift depends on the logarithm of the magnification and thus it is not necessarily going to have a vanishing mean, but we nonetheless find that it is small in the model considered here.
To find the statistical distribution of the distance modulus shifts that one would expect after passage through 5 voids in a randomized version of this Swiss cheese model, we do a Monte Carlo analysis. In this analysis, we pick random impact parameters for each of the 5 void passages, with b 2 being uniformly distributed between 0 and R 2 . We find that the statistical distribution of distance modulus shifts has a mean of −0.003 mag and a standard deviation of 0.11 mag. Note that we have neglected shear, which might change the mean magnitude shift by a factor of order 2. Figure 2 shows the distribution of these shifts found for 10, 000 realizations of voids with random impact parameters relative to the line of sight to the light source.
V. DISCUSSION
MKM found significant changes to the distance modulus of distant supernovae in a particular Swiss cheese model. We have argued that the large size of their effect stems from the fact that their voids are on a regular lattice, with the line connecting observer and source passing straight through the void centers. Their result can be reproduced with ∼ 10% accuracy using weak field gravitational lensing, and can be explained by noting that the integrated column density is lowest along lines of sight that pass through the centers of the voids. The lower column density leads to less focusing and thus dimmer supernovae.
We also showed that in a more realistic Swiss cheese model, the mean magnification due to gravitational lensing is very small. We simulated the distribution of distance modulus shifts obtained from a model where the light rays no longer pass only through the centers of the voids, but instead encounter them with random impact parameters. For N = 5 voids out to z = 1.8, MKM obtained a coherent distance modulus shift of 0.34 mag, whereas our randomized model gives a mean of −0.003 mag and a standard deviation of 0.11 mag. This mean is small and this standard deviation is comparable to the intrinsic scatter of Type Ia supernovae, and thus this particular model cannot explain the supernova data. An analysis of the luminosity distance-redshift relation in a scenario with randomly-sized voids is the subject of future work.
While our results clarify the significance of the special setup underlying the specific model of MKM, they do not exclude the possibility that inhomogeneties may account for some of the apparent acceleration of the Universe. However, our work does suggest that coherent underdense structures on scales of order the horizon size generally are needed to obtain large apparent accelerations. Examples of models with such very large-scale structures are the spherical void models of Refs. [25, 26, 27, 28, 29] . A general argument against such models is fine tuning: one would generically expect large anisotropies in the luminosity distance at a given redshift in any model with a large apparent acceleration, and the observational limits on anisotropy are small. Going beyond fine tuning, there are limits on large spherical void models from current observations of the cosmic microwave background spectrum [30] and low redshift Type Ia supernovae [31] , and further constraints could come from future observations of baryon acoustic oscillations [32] and time drifts of cosmological redshifts [33, 34] .
We also note that in spherical void models, fitting luminosity distance data to spatially flat cosmological models would generally suggest the presence of dark energy. If we allow more general fits to non flat models, then we will get a fit with non zero curvature and non zero dark energy, with the relative proportion depending on the details of the model. In linear theory, the shrinking mode of an LTB model is the same as the mode parameterized by the bang time function, and the growing mode is the mode parameterized by the energy function, which parameterizes curvature. Therefore in a model with no important shrinking mode component, it is likely that the best fit will be have a higher proportion of curvature than dark energy.
